Introduction
Let C n denote the cyclic group of order p n , where p is an odd prime. Let ZC n be the integral group ring of C n .
In this paper we study Pic ZC n and some other groups related to it, in particular, the ideal class group C(F n ) of the cyclotomic field F n = Q(ζ n ), where ζ n is a primitive p n+1 -st root of unity. Throughout this paper we assume that p is semi-regular, that is p does not divide the order of the ideal class group of the maximal real subfield F + 0 = Q(ζ 0 + ζ −1 0 ) in F 0 . Let A be an abelian group. The following notation will be used in our paper: N · A is the direct sum of N copies of A; dA or A d (depending on additive or multiplicative operation on A) stands for the subgroup of A which consists of the elements of the form da or a d ;
A (d) stands for the subgroup of A which consists of the elements of A such that da = 0 or a d = 1;
A (p) denotes the Sylow p-component of A. For A = C(F n ) we use a special notation C(F n ) (p) = S(F n ). If R is a commutative ring, then U(R) denotes the group of units of R. In the special case R = Z[ζ n ], we use E n for U(Z[ζ n ]). Further, we use notation E n,k for the subgroup of E n consisting of units which are congruent to 1 modulo µ k n = (1 − ζ n ) k .
Following [3] let us consider the fibre product diagram
(x−1) p n := R n with obvious maps i 1 , i 2 , j 1 , j 2 . The corresponding Mayer-Vietoris exact sequence can be written as follows:
One of the main problems in computing Pic(ZC n+1 ) is thus to evaluate the cokernel V n of the map j :
Instead of V n we will evaluate a bigger group
Clearly, V n is a factorgroup of V n . In the calculation of V n a decisive role will be played by the action G n = Gal(F n /Q) on the various rings involved in the paper. Let δ : G n −→U(Z/p n+1 Z) be the canonical isomorphism defined by s(ζ n ) = ζ δ(s) n , s ∈ G n . We will denote by x n the generator in Z[x]/(x p n −1 ) = ZC n and in F p [x]/(x − 1) p n = R n that corresponds to x. Since δ(s) is an integer modulo p n+1 , prime to p, it is clear that both x δ(s) n+1 and x δ(s) n are well-defined. Moreover, the maps in the fibre product above commute with the action of G n . Let c ∈ G n be the complex conjugation. It is clear that V n = V + n × V − n , where V + n consists of elements such that c(a) = a and V − n consists of elements such that c(a) = a −1 (we take into account that V n is a p-group). Similarly, V n = V + n × V − n . For any abelian group A, let us denote by A * the group of characters of A. The main results proved by Kervaire and Murthy in [3] was Theorem 1.1. If p is a semi-regular odd prime, then
They also conjectured that, in fact, V
The first main result of our paper is a weak version of the Kervaire and Murthy conjecture, namely
Working on that conjecture, Ullom proved in [8] that under certain assumptions on the Iwasawa numbers λ i explained later, the group V + n can be described as follows:
.
Notice that r 0 also coincides with the number of Bernoulli numbers among B 2 , B 4 , . . . , B p−3 which are divisible by p. The Iwasawa invariant λ can be defined as follows. It is well-known due to Iwasawa and Washington (see [9] ) that there exist two numbers λ and ν called Iwasawa invariants such that S n has p λn+ν elements for sufficiently large n.
Ullom's proof is based on certain assumptions about the Iwasawa number λ. More exactly,
acts on S n and
where S n,i = ε i S n and ε i are idempotents in the group ring Z p [G 0 ]. Since we work with semi-regular p,
Here B 1,ω −i are generalized Bernoulli numbers and ω is the Teichmüller character of Z/(p − 1)Z (see [9] ).
Furthermore, for each i there exist λ i and ν i such that S n,i contains p
elements. Ullom's assumption was that λ i < p − 1 and he conjectured that it was true for any p. The second main goal of the present paper is to prove that
2 Second presentation of V n and norm maps
The following lemma was proved in [5] .
From now on we will study A n instead of ZC n . Clearly, we have the following fibre product:
Proof. We have to prove that
Clearly, it is sufficient to prove that the element
is the image of some unit of Z[ζ n ]. It is easy to see that
and the proof is complete.
Remark 2.3. This lemma justifies an abuse of notation j 1 , j 2 , i 1 , i 2 , R n in (1).
and the diagram below is commutative has been introduced in [6] :
Nn { { w w w w w w w w w
We would like to remind this construction. The following fibre product diagram can be used for the construction without lost of generality:
and N 1 is the usual norm map. Commutativity of (2) was proved in [5] . The formula
defines an injective homomorphism ϕ 1 :
Simultaneously, N 2 defines
), and so on. Proofs that all of the maps ϕ i , N i are well-defined can be found in [6] . They
).
Proposition 2.4. Formula ϕ n−1 (a n−1 ) = (a n−1 , N n−1 (a n−1 )) defines an embed-
)), and
Proof. Since we deal with semi-regular primes, the fact we need follows from that of Norm Fn/F n−1 (E n ) = E n−1 and thus,
Let us denote by U n,k the subgroup of U(Z p [ζ n ]) which consists of units congruent to 1 modulo (ζ n − 1) k = µ k n , and
Theorem 2.5. We have
Remark 2.6. We remind the reader that
Proof. The first isomorphism is clear. Let us prove that
)). It is sufficient to prove that the composition map ϕ n−1 · j 1 has the kernel U n−1,p n −1 . To do this, first we note that U(R n ) and U n−1 /U n−1,p n −1 have the same number of elements. Therefore, it is enough to prove that U n−1,p n −1 is contained in the kernel. This was proved in [6] . We would like to demonstrate the case n = 2. For this, we should prove that (a, Norm
. It is easy to see that (a, Norm
Since a ≡ 1 mod µ
, both sides are congruent to 0 modulo p. The general case was proved in [6] using the rings A n,k and induction in n, k.
Number of elements in V
Before we give a proof of the theorem, let us formulate its consequence, which we will need in sequel.
Proof of Theorem 3.2. Consider the extension F n ( p √ q)/F n . Only µ n ramifies in this extension. Let ε ∈ E n . Then for any valuation v = µ, ε is a norm in the corresponding extension of local fields F n,v ( p √ q)/F n,v . Therefore, the local norm residue symbol with values in the group of p-th roots of unity (ε, q) v = 1. By the product formula, (ε, q) µn = 1. Set ε = ζ n . If q ≡ 1 mod µ p n−1 n but q = 1 mod µ p n n , then simple local computations (see for instance [1] ) show that (ζ n , q) µn = 1. The theorem is proved. Proof. If n = 1, then it was proved in [3] . Let us denote the number of elements in group A by |A|. Assume that |V + n | = p r 0 +...+r n−1 . Let us prove that |V
Let us use the isomorphism
which shows that we have to prove that
It is easy to see that U
The second number can be computed as follows:
and the theorem is proved.
Closing this section we would like to mention the following
It is easy to see that the canonical embedding S * n → S * n+1 defines an embedding
Therefore, r n ≤ r n+1 . Furthermore, because of the projection S * n → V * n+1 (see [3] ) it is clear that p λn+ν ≥ p r 0 +...+rn , and the latter inequality implies that r n ≤ λ.
In the next paper we will show that for semi-regular primes r 1 = r 2 = . . . = λ.
Weak Kervaire-Murthy Conjecture
In this section let us denote by (a, b) the local norm residue symbol with values in p-th roots of unity. Here (a, b) are elements of the completion of F n with respect to µ n . Assume that a ∈ U n,k \ U n,k+1 , b ∈ U n,p n+1 −k \ U n,p n+1 −k+1 , and k is prime to p.
Indeed, we already know that q ≡ 1 mod µ p n+1 n and hence the extension F n ( p √ q)/F n is non-ramified. Therefore, q = ε · a p for some ε ∈ E n , a ∈ F n and consequently α = 1 in S n .
Step 2. Without lost of generality we can assume that q ∈ U n,k \ U n,k+1 with k < p n+1 − 1 and k being prime to p.
, where a 0 is an integer prime to p. Easy computations show that q(1 − a 0 µ s n ) p ∈ U n,k+1 . Proceeding in this way, we can find q 1 ∈ U n,k 1 such that (q 1 ) = (Γα) p , Γ ∈ U(F n ), and such that k 1 is prime to p.
Step 3. 1 + µ
, ε ∈ E n , then (ε, q) = 1. However, it is not true by Step 2 and Lemma of this section.
Step 4. Since S n = S − n , the character constructed above is a non-trivial character of the group V + n+1 . The proof is complete.
Proof. This follows from the existence of the surjection S * n → V + n+1 constructed in [3] .
Consequences of the weak Kervaire-Murthy conjecture
In this section we will use the original definition of V n , namely V n = Coker{j 2 :
is an embedding but in this paper we will not need this fact postponing its proof to the next paper. Further, the norm map N : [5] ). The following statement is straightforward.
Lemma 5.1. π V : V n+1 → V n is surjective and i(π(a)) = a p .
Proof. i(π(ζ n+1 )) = ζ n = ζ p n+1 and the statement follows from that of
Indeed,
where
Concluding remarks
The Kervaire and Murthy conjecture has another interesting form. Let us denote by A(F n ) the ring of adeles of the field F n . Let w be a valuation of F n , different from µ n = (1 − ζ n ). Let Q w be the completion of Z[ζ n ] at w. Let us consider the following subgroup K p n+1 −1 of GL(1, A(F n )), namely
Then the Kervaire and Murthy conjecture can be formulated as
However, the conjecture is not true even for n = 0 unless the numbers B 1,ω −i are not divisible by p 2 . Let p s i be the maximal p-power which divides B 1,ω −i . In the next paper we will prove that
Therefore, the Kervaire and Murthy conjecture is true if and only if the generalized Bernoulli numbers B 1,ω −i that are divisible by p, are not divisible by p 2 . Finally we note that the results mentioned above imply that the Iwasawa number ν is equal to i s i .
Appendix: Applications to p-adic L-function and Bernoulli numbers
Let L p (s, χ) be the Leopoldt-Kubota p-adic L-function, where p > 2 satisfies Vandiver's conjecture and χ = ω p−i , 0 < i < p. Let Ω p be an algebraic closure of Q p and let v p be the p-adic exponential valuation on Ω p such that v p (p) = 1. Finally, let C p be the completion of Ω p with respect to v p . Define D s ⊂ C p as follows:
For any u ∈ D s let us define the following operator ∆ u L p (s, χ) = L p (s + u, χ) − L p (s, χ). Taking into account that we have proved that λ i ≤ p − 1 and using Theorem 1 of [4] , we can conclude that the following result holds: Theorem 7.1. Let u ∈ Ω p ∩ D s be such that the ramification index e of the extension Q p (u)/Q p is less than p − 1. See [4] for details and applications to generalized Bernoulli numbers.
